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Abstract

This article summarizes financial mathematics
concepts found in the ancient Indian arithmetic texts
Patiganita (PG) and Ganitatilaka (GT). It highlights how
the growth of commerce influenced mathematical

development, leading to specific methods for
calculations involving principal, simple interest,
commissions, and partnerships, grouped under

Misrakavyavahéra. Both texts provide similar rules and
examples for problems like determining principal and
interest when the final amount and time are known. A
key concept discussed is Ekapatrikaranam, a method to
calculate the average interest rate and average tenure
for a portfolio of different loans issued at varying rates
and durations. This early form of portfolio analysis is
compared to modern concepts like Macaulay duration for
bonds. The texts also contain rules to determine the time
required for capital to multiply by a certain factor at
simple interest, analogous to the modern "Rule of 72"
(though the latter uses compound interest). Furthermore,
a specific problem in PG involving a lender staying in a
borrower's house in lieu of interest showcases an
understanding similar to present value or annuity
concepts. The article concludes that PG and GT
demonstrate sophisticated financial thinking,
incorporating ideas like time value of money and portfolio
management relevant even today.
Keywords: Patiganita; Ganitatilaka;
Mathematics.

Financial

Introduction

Patiganita (PG) and Ganitatilaka (GT) is a subject
dealing with arithmetic. It deals with basic number
systems, counting, and fundamental operations such as
addition, subtraction, multiplication and division. Just like
Astronomy, construction of Vedic altars, etc. fuelled the
development of mathematics, development of
commerce and economics played pivotal role in shaping
arithmetic. In arithmetic texts, we find numerous
problems dealing with barter trade, application of rule of
three to various problems, principal-interest, profit
sharing in partnerships, allegation problems, and so on.

The development of commerce and trade fuelled
crafting ancient Indian mathematics in the direction
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of developing special tools and application for
calculating interest, principal and time value of money.
Certain advanced concepts such as Ekapatrikarana are
also described which resemble today’s concept of
financial portfolios. For this article, | have relied on
Patiganita of Sridhara and GanitaTilaka of Sripati for
expounding the above concepts while considering PG as
primary text.
2. Misrakavyavahara-treatment of various financial
factors in a problem under Misrakavyavahara, the
following topics are being dealt with by PG:
Midladhanavrddhidhanavyavahara (calculation involving
principal and interest); Problems involving rental income
and interest expense set off; Portfolio of bonds;
Suvarnavyavahara(this is unique to PG); Praksepaphala
(Rules for finding returns on investments in a
partnership); Krayavikraya (purchase and sale);
Sesarghacchedavisaya (Problems involving in linear
equation); Mandasighragati-melapakalah (Meeting of
two travellers with slow and fast motions);
Margapramana (problems involving travellers travelling
at different speeds); PatitasyaBhataka (Problems in
remunerating a person who carries a dripping oil can);
Vyavrttapurusadayagrahanavibhagah (Pricing of
theatrical performance when audience stay for unequal
duartions during the show); Vapipdranakalah (Problems
involving finding the required time for filling up a well);
Antarbhataka (remunerating a person for carrying
commodity in terms of the carried commodity itself);
Rasaprastara (Combination of savours); Various
problems involving finding unknown numbers; Rule of
inversion.In this article, the common concepts
mentioned by PG and GT are discussed.

Muladhanavriddhidhana: Problems
principal and interest

This involves finding simple interest and principal for the
following problem:

Given that P+ yields |1 interest for T+ period of time, find
I and P2 when T2 and P2+lz is given.

involving

To solve this, let r be the rate of simple interest rate which is results in both |, and |, after
T, and T, maturity of principals. Then it follows that |, =
rPyTyand l= rP,T,.

I,
= BT, P,T,

I I
In other words since r = ——= -+

ITAPT,
= LLip
P, 2

= ( PT,
UAP)ET) (P
ITH+PT ~ IT+PT

(+P)P,T)

Hence ITAPT,

=P andl,= (12 + Pz) =

PG'’s text related to the same is given below (v. 47):

[EEEAREINRI R I NN ERICA L
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[Multiply the argument (pramanarasi) by its time, and the
other time by the fruit (phala); divide each of those
(products) by their sum, and multiply by the amount
(i.e.,capital plus interest). The results (thus obtained)
give the capital (mala-dhana) and the interest (vrddhi-
dhana) respectively.]

GT (v. 111) reads almost similar:

: : S -
[ESRIESIE IR R IEE LRI m e ]

Here nijakala is T1 and pramanarasiis P1. Both these are
to be multiplied as P1T1. Phala is l1. This should be
multipled with parakala — T2. Both should be multipled as
1"T2When the misradhana (l2 +P2) is multiplied
separately by P1T1or [1Tz and divided by sum of these
two quantities, the result would be principal (P2) and
interest (I2)respectively.

The problem given by PG (v. 53) is as below:
ARG ST
AR LI IATSTEAATE: |

“The interest on 100% for one month and a quarter being 1%, a certain sum amounts to

36% in a period of 7% months. (Find the sum and the interest accrued thereon)".

Applying the rule

36+ x 100+ x 1+ 1
T ¥ _ 33— =

2 ihxrhswpdxad T U202

63 X1TXTF

15X 75 +1005 X154
Adding P2 and Iz we get maturity amount is 36 %2 which

is required amount in the calculation. GT (v. 110 gives
similar example:

JoaehRTd-TeeheTHeA < ITaH|
=N ~
ERSLIeCHiErNIEEiatal]

Extending the above rule to calculate commission
etc.

PG (v.48) also gives a rule whereby along with
interest, professional fee for accountant (vrtti), and fee
for scribe who drafts the agreement (lekhaka) are also
considered:

FHTATHTOTEA YR TR HeATe T 2d|
(R ATHEOT: e~ eTe ShAT: |

[Divide the product of the argument and its time as also
the fruit i.e. interest, etc. as multiplied by the other time
by their sum, and then multiply them by the mixed
amount: then are obtained the capital etc. in their
respective order.]

GT (v. 113) gives the same rule as PG with slight
modification in words to suit the metrical arrangement:

[aSa o o o
JHTOIRTHSIhTA AT d [dh g d : thedllq: |
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Example given by PG (v. 54) is as follows:
HTERT e ool oh ook STH e

[ICERIHEERECBERENGIERE]

[The rate of interest being 5 percent per month, the
commission of the surety (bhavyaka) 1 percent per
month, the fee of the calculator (vrtti) Y2 per cent per
month, and the charges of the scribe Y2 per cent per
month, a certain sum amounts to 905 in a year. Find the
capital, the interest, and the shares of the surety,
calculator, and the scribe.]

Applying the rule mentioned above, the amounts are:

905

i) Miladhana = ———————
100+12 x(5+14+++)

= 500;
905 x 12 x5

ii) Vrddhi dhana = ——————F—+
100+12 X(5+14+5+%)

= 300;

905 x12 x1

ook x (5 GO

iit) bhavyaka =

Similarly,
iv) vrtti (30), and v) lekhaka (15) can also be arrived. The equation
(1, +P)(PT)

L+P,
TTpr is simplified as—-above for calculating 4 and 5 extending it to
12°°1°1

s

commission etc and conveniently representing them within the text.

GT (v. 114) gives the same example in a more poetical
manner in the $ardhilavikridita metric:

B NN LI R e e A I e NI P ERE IEE LN R RN
L EER R R R EN G R R R E G P e T RIS RE R L
The commentary to GT (p. 84) introduces this as
“Vyajopajivavrttih”. Calculation of guarantee,
commission for profession are only extensions of
Misrakavyavahara rule as explained in PG above.
Relevance to modern financial mathematics

The calculation seems to be designed from
borrower's perspective to give him the individual
components of liability (in terms of commission, interest
etc) given the overall total value of his liability. It is
interesting to note the commission-based remuneration
model existing in ancient days since the value of
commission for scribe and accountant are calculated as
a percentage of loan amount per month despite the
amount of effort (drafting the agreement or undertaking
accounting entries) being the same irrespective of
amount of principal and tenure.
Ekapatrikaranam — Finding average interest rate and
tenure of different bonds

Here, the author discusses about averaging the
duration and rate of return on different sums of principal
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lent at different interest rates for different periods (PG, v.
51):

TR T AT R G ol cohTeT: |
AT R S TR TR |

[The sum (samasa) of the interests (phala) (accruing on
the given bonds) for the elapsed months (gatakala),
being divide by the sum (aikya) of the interests (on the
same bonds) for one month, gives the time (in months
for the equivalent single bond); and 100 times the sum
of the interests for one month (on the bonds), being
divided by the sum of the capitals (dhanayoga) (of the
bonds), gives the rate of interest per cent (per month)
(for the single bond).]

This rule seeks to find the average time and average
interest rate applicable on a portfolio of bonds. GT (v.
120) gives similar rule in Malinivrtta:

TR  E e A A Taeh T THTE e Tl |
T e RS AR T U fdfervheashfifaremil

To understand, let P, be principal for which R is the interest percentage and T is the

time frame for maturity. Then for question as to what the average interest rate should
i=n i=n

R and average time T such that ¥ PRT = ¥ (PRT).
i=1 =1

As one of the solutions to the problem, under the above
rule, PG requires one to calculate average interest rate
using principals as weight and to calculate average time
using principal and interest as weights.

i=n i=n i=n i=n

Thatis R= ¥ (PR)/ ¥ (P) andT = X (PRT)/ ¥ (PR) such that
=1 Pl f =1 't =

i=n

(ZP)RT =3 (PRT).
=1 =R

Example given by PG (vv. 57-8) is given below:
i?;ehaqmgwdqriwqwchaldl

Ty frereaieTar=siaeshamy)|

S|7|¢I:qo‘c{tl('oil{l‘ldIHIHIf\SHS\"\IQUIII
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[(There are 4 bonds on which) capitals amounting to 100,
200, 300 and 400 are given (to someone on interest) at
the rates of 2, 3, 4 and 5 percent (per month) in the
respective order; and months amounting to 2, 3, 5 and 4
each multiplied by 2, have passed (since the execution
of the respective bonds). Say, how would a single bond
(eka-patra) be now made out of these.]

GT (v. 123) gives similar example:

EEaE R IR LA R e ERIRCE R
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Solution:
Sl. No. P R PR PRT
1 100 | 2% 2 4 8
2 200 | 3% 6 6 36
3 300 | 4% 12 10 120
4 400 | 5% 20 8 160
Total 1000 40 324
Average 4% 8 10

The total of 324 found in PRT column signifies total
interest.

Applying the rule, the average interest rate is 4.00% and
average time of maturity is 8 months and 3 days. A
single bond of 1000 having 4.00% interest per month
having a tenure of 8 months and 3 days would yield the
same quantum of interest of 324. GT follows PG with
respect to finding average interest rate and duration with
respect to several sums lent out for different periods for
different times. GT and PG treats average of time using
principal and interest as weights, and average of interest
rate using principal as weights.

Concept of Ekapatrikaranam: Viewing portfolio of
bonds as one ‘average’ bond

Both PG and GT give concept of finding average interest
and time of portfolio of bonds called
ekapatrikaranam.Under this, a man lends different
amounts at different interest rates for different tenures.
The authors give the formula for arriving at average
interest (using principals as weights) and average time
(using principal and interest as weights). This analysis
helps one to picture the overall earning-potential of
combined portfolio by treating the total sum lent to
different persons as one contract with average interest
rate and average tenure.

Comparison with modern financial concept of
duration of bond and interest rate sensitivity

In modern financial mathematics, bond fund
managers use complex analytical tools such as
‘Macaulay duration of bond’ where the weighted average
duration of regular coupon paying bond is found- i.e. —
one regular coupon paying bond is seen as a mix of
several zero-coupon paying bonds. This concept is
further finetuned as ‘modified duration of bond” that
directly measures interest rate sensitivity of bonds. That
is, when market yield goes higher, the market value of
bond falls. The rate of change of bond’'s market price
with respect to change in market yields is measured by
modified duration of bonds.



+—E_ where C, the

t=n
The formula for finding Macaulay duration of bond®is ¥ ((L) i
.

g=1\ ()
regular coupon, F is the face value (or maturity value), n is the tenure and y is the
market determined yield given the risk profile of the the bond. This is of particular
importance to fund-managers since Macaulay duration divided by (1+ yield) gives
modified duration of bond which directly measures the sensitivity of bond prices to
changes in market determined yield. The formula is:

%(Z-f):(%)[g(ﬁ)wt L ]wherel);;(L)

- -+ £ nd
(14y) =1\ (11y)
y = market yield; which is equivalent to:

(145)

—Macaulay duration

Modified duration.

In other words, the above relationship connects
the weighted average tenure of bond to the level of price
sensitivity towards market yields. Hence, in essence, a
bond portfolio manager has to view one regular coupon
paying bond as several zero-coupon bonds with multiple
maturities to measure interest rate sensitivity in order to
better undertake buy sell strategies for optimal earnings.
The fact that ekapatrikarana works in much similar
manner where several regular bonds lent at different
interest rates for different periods is combined and
viewed as one average synthetic bond - a concept which
is precursor to modern day complex financial analysis —
indicates the advancement of financial mathematics in
ancient days.

Required tenure for money multiplication

This rule seeks to answer the question as to what
should be the period of loan if /is the interest rate per
period and Principal (P) should multiply x times. PG (v.
52ab) states: HRIATHET:BAHRRH RS (The

product of the time and the argument, being divided by
the fruit and (then) multiplied by the multiple minus one,
gives the (required) time).

Thatis, if /is the interest rate per period, P + P x I x n should be xP. Therefore x=
1+/,. hence n = (x - 1)/I, and if /is expressed as /» then this equation is similar to rule
laid above :- n= (x — 1) (%).
The example given by PG (v. 60ab) is below:

AT TG 4 Tgad Bl Hagiaul |
“A sum of money is put to interest at 5 percent per month. When will it become twice of
itself"?
Applying the rule, n= (x-1) (%), i.e., (2 - 1) x (100/5) = 20 months. (or one year and 8
months). The author has given one more example.
GT (v. 117):

IO TV SR Bl |

follows PG in explaining the rule of finding the time required to multiply the capital lent
out to a desired multiple given. It also gives an example (v. 118) similar to the one given
by PG.:

AR TG YSgH: fe gfad: | Bl &9 e wgad de
udq I

From the definitions, sums and examples given
above till this stage, it can be seen that, GT and PG
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closely follow each other exceptin few places highlighted
above. Hereafter, starting with mixture of gold etc. PG
has additional content which the extant GT does not
have. Rules and examples have been given wherever
necessary. Rules having similar subject have been
aggregated and dealt together.

Relevance to Modern Concept: Doubling Time of
Capital

In current financial world, the well-known rule
‘Rule of 72’ is often used to find out the doubling period
of capital when interest is compounded and paid at
maturity. It is common to ask as to ‘how many times the
capital would multiply in a given tenure’. It is also
common to refer to inflation as “today’s principal is worth
only half its original value n years from now”, which
means that money’s worth across time is understood in
terms of convenient multiples of cash in hand at present.
Rule of 72 is widely employed to find the doubling period
of principal amount.

It seems that similar line of thinking existed among
the businessmen in ancient days or even before which
prompted them to separately devote a rule to answer
such questions. The only difference between ancient
and modern concept is that while the former deals with
simple interest, the latter deals with compound interest.

Annuity Payment

PG has given the Rule and an example whereby
the wealthy individual lends money to a land-lord (who is
in need of money) and agrees to stay as tenant in his
house in lieu of interest payment. The problem is to find
number of months which the wealthy tenant needs to
stay in borrower-landlord’s house such that both are
freed of their obligations. The calculation involved in
solving the problem is similar to valuation of future cash
flows using its present value.

Concept of Present Value

Present value is the current worth of a future sum
of money or stream of cash flows (be it earnings or
obligations) given a specified rate of return. For
instance, 100 rupees invested in bank deposit which
yields 8 percent interest every year would become 108
after one year (i.e., 100 = principal + 8 = interest or 100
x 1.08). It becomes 116.64 in the second year (100 =
principal 16 = interest and 0.64 = interest on interest).
One can therefore equate 108 which would accrue after
one year to 100 rupees today. That is, the present value
of 108 after one year is 100 today. Similarly present
value of 116.64 two years from now is also worth 100
today. Erosion of purchasing power of money by
inflation is also similarly denoted using present
value. Modern financial mathematics adds any interest
accrued on principal to the principal itself unless it is paid
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by the borrower regularly to the lender. The present
value of single cash flow assumes that money is
currently borrowed with an agreement to return it with all
interest accrued thereon after certain number of years
assuming no intermediate repayments or further
borrowings. Any interest accrued thereon is added to
the principal. Compounding of interest makes it easier to
compare cash flows having irregular amounts and
irregular intervals. For example, it helps in valuing large
infrastructure projects which would have negative cash
flows for initial few years but would have positive cash
flows based on completion milestones. It is remarkable
that PG has applied this concept to the ‘swap
arrangement’ mentioned where lender-borrower agrees
to lend money to borrower-owner in exchange for staying
in latter's house. However, the key difference with
current commercial practice is that the cash flows are
discounted using present values under simple interest.
Further, since rental obligations and interest obligations
occur in future date, current commercial practice should
be to appropriately net off against each other every
month and only the balance should be considered for
subsequent month. In case the outstanding balance is
less than rental value per month, then one should find
appropriate duration of month such that rental obligation
proportional to the stay during the month is equal to
outstanding principal and interest accrued thereof
proportional to such duration.
Conclusion
Based on the above, both PG and GT have
expounded many concepts of financial mathematics with
examples that resemble today’s approach of society
towards the key concepts such as time value of money,
considering multiple investments as a portfolio and so
on.
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